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which the data of a sample can be made to yield. informa-
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tion concerni~g the parameters of the population from 
which the sample is_ drawn. suppose in. an experiment, w,e 
' have an observable response whic.h :i.s functionally related 
to n, independent variables x1 , x2 , ••• xn, and p para-
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mate values of the parameters by utilizing the functional 
relationship ,given and the known values. ·.0£ 
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There are, broadly speaking, two approache:s·- to the prob-
i:era~ of statistical inference. They are- known l:).s the 
'.J 
.me·t.hod of estimation. and hypothesis testing. 
. . .. , .... ' ...... , ............. ,, "·:: ··.· '.:-···· ., .. -··-··· 
Most of the pr.oblems of estimatlon in statistics are 
:pr.oblems of e_.st_imating parameters of probability density 
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,probability density .fun_ction ·t., 
f(x,9) = 9e-9x y 
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A function>'of ~om-<""_samp:~ ... ~alues used to estimate 
the value. of a parameter is ·c·alled a statistic. A sta-
. (;I • 
tistic which is based on· random variables will itself be v 
.. 
a random variable. For a sta'fjistic to. be a satisfact~y 
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- .. -· -- .. · .. · ·. - ... 
Two ty_pes of estimation of parameters are in common 
use. One its po:int estimation and the 0th.er interval esti-
mation.: ·r.r-- an estimate of a parameter is restricted to a . 
"-
va_l u e, · this value is ealled a p·oint estimation o:f the 
·1 .. 
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It is important to clarify the distin6tion between 
'the method or rule of est~mation which is customarily 
... "·t· . . . ' .----7 
. 
. . . - . 
called an est:tmtitor';~-and. t4e ~stimate., •-<tb.e value to which · 
' I • ~ ·.,, - "' . .. . .... ,,. . . •. ' '"*. - ' l .-J •. , • .,.;,_~ . ·,' • " • . 
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··:. =-- '.) • the ··es·t-imat·or~---gi v·es r is.er ~.!-n~~ particular c.ase·s. This dis- .. 
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- ·-···F' ,.--, ..,. 
.it_. ........ _; 
tinction is the same as that between a function f{x), de-
~ 
fined for a range -of the variable x, and the particul·ar 
value which the function assumes. f(a) is said tb be 
'\. 
the value of the function at ·x -=· a. It is understandablk 
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det_ermin:e a go:od ·est·imat-or. Hence the more basic probiem ~ . ·'"' 
·., ;, 
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:.~. 
in. p:oint estirna:tiop. i.s n.ot .. to .find estimates_, .but· to find-
':e.s tinta:tnr s • 
. ·. - ... - ...... · . . . . . . 
We have giv·en random sample of values x1 ,, .. _.. • ~. ~~;a 
·and wish to det>e_rmine, with the aid of these xt s, a num--· 
b-~~ w.hi:c.h :can. b·e a.ccept.e.d as ·~: reasonable estimate of' the 
val-ue of the ·par·ameter. ·T·o :tllu~trate,, we ·have .. the .ro·1-·~ · 
______ ___ . _____ -·-· ... la.wing .... examp-1.e--:--------·------- --------·-·--··---·-,·:·,----~~~-· -\·-. ··~ .. · -...:...--. --. · ---:--,-:c:·:--,..--~~--:'--~'"'-· ... ---·:.:..: __ ; ____ : __ .· ·-· ·... · · · · .. 
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·;c ·~ 
. "" .. 
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a single trial obtained are:-
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Solution.: 
By subs ti tu ting in the res_ponse f·unction, we obtain 
eleven simultaneous equ·a·t_·ion.s. sr·nce: · there are four Uh-
.. 
:'.brno·wn. J;:>aram~·t·e·~s., we n.iay a~ra.n_ge,: the· eleven equa_ttops ·in~o 
!'our. groups., take their mean for each group and obtain 
.. 
.... - - -• ....... - • ''t' .·,. ,·,--J • 
termined by solving the four equations. We have 
a ~ 86.'-69672 
b =· -8.206966 
9. _:::: --:o. 7179794 
··d ,;: -0 -· 08394527 
. ' 
... 
t 
~ j\,\I 
.,·w\he:.v-e: t·he. s,.e.-t of .four· s:t.mul.taneous e·qua.ti.'ofi,s :are .s:lm.1··1·ar ci,.:J , 
tot)· the estim:-ators a.nd :the ca.lc-ulated va-1·ues :of a._, ·b, ~-, 
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One :c.at1 .not: expect to find any method of estimation 
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. . _ ... , ~ .' ~ ... -, .. :·c-'-." -. - ;,, .. -•• -r;: -:-~ :- _ ..... .•. ~ .. ,: ., ••• ,., ... _, , ..... --~·: :_,, ,.,_,"·- : ... _ .... ~,. .......... ~,-·~ __ ,.... .... •·'.···· ••..•. ·., . .- .• -:' • • ·. - ,.... --~ ..•. - ' •. ' .,,d;\,•·. '= ~ '"":. ·, -·-. -· _- .. -... --·. --. _.,~- ·_ . . . ··-· ... ... ..... -
whj/ch guarante·.es· a :c_lose estimate of a parameter on every 
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sults in the long run or on the average • 
.. .,; 
i 
r·t is agreed by many statisti.cians and with reason 
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properties: 
; .• ! .. ~-· .•. ;..- ·:·· ... · 
J (1) Unbiassednes:s 
Consistency' 
(J. .. ) Efficiency E3.n<l 
:(_4) j,.-- Sufficiency. 
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1.1. UNBIASSEDNESS __ -------------~----,------ . . . . 
~· •--"'· .~ -• • ~--· ~. --- -•- -- - a 
t·-------•-:..:,_;__;_;_-_;~:..;.~~---- •• ~-~ .==•·"•-~•-'•·••==.,•··•'•>='·""~'··="'-'•.="''='-='' c.~'. • ..-. ·-=--·· ~~---------···-·--. ----- -----~-
Definition: · 
A· A 
Let 9 be an estimator of the parameter 9. 9 is said 
to be unbiassed if its expected value is the true value 
, r 
, ... - ........ ·.. ;, \; .... 0£ ,.tha -::E~~~e_~!l!_r __ tha~t_.: is J :. · .... :., .. - ... - ,- .~ · .. · •• : ~ ;2-,-~=-.~~-' ·-=.:.:_:~_,_--~_'.:·~----------··:··-.' .••. -.~---··--,~_.':•, > . . ,._: __ .. :-_--~-~::-.cc:::.,:.: 
L.., ___ j -~--- -------· . ' ---·- . . . . - ~ 1 
/' 
~ ,, I\ . ,, 
E(9) = 9 - -
A h , 
If E(9) > 9, 9 is said ·to ber posit:tvely biassed •.. ~ 
. . I\ I\ 
If' E(9} < 9, 9 is s.aid to be nee;~tively biassed. If a.n. 
estimator is unbias·se.d·, and n,ormally distrib~ted, then.. 
~ A , . . . . 
t~ values .of 9 are clustered very closely around. th_e. tr-ue 
., 
~·· 
• )'" ~:.<. ~ ·, .... 
A sample mean . .in is ru:i.~_·u.rit,.ia.s.s,tld --~J3.:t·.imator of- a -- popu .... . ·: - -. ·.· .~-· , 
la tion ·mean. 
Solution: .. .:-r· 
- 1 n 
·Let :X = - z: X • . . . . ::: ., .. ,--:··: .. . ... :· .. ~ . . :. : .. : ·-·~; - ... ;~ . .-.. --·· .... - -· - - - -- . 
n n 1 
1=1 denot~ the estimator, and letµ de-
------------------110-t e·- th-. e .. t-r-ue ______ va-1-ue----o--f-t_h_e---po-pu--1-a--t-i on- me an ~-·------Not atI o naJ.Ty, -----·-------~. ~--~· ... ~---·--
. / .. 
. .,-.· .... 
. ,; '" .. _ . .:... 
,; 
the expected value of x, is written as E(x ) • It is· well 
- n n 
- known that expected valu(?s -have the fo-llo_wi-ng._ pr-Q:p~rttes.:· 
(1) 
(2) 
(3} 
E (A) = A (when_ A _ is .anl.,. :c~:r1~_~ap.~J _ _!_____ , ____ , __ , ___ .. , __ 
E[A•h(x)] = A•E[h(x)]. 
E[h(x) + g(x)] = E[h(x)] +.E[g(x)]. 
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Proce_eding with the pro·-c,r·',.·= we have 
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- 1 n 
__ - -~-IE(x
1
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... n" 
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... · .. 
E(X ) = 1 ! µ 
n n 
• 
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j 
µ 
.. ·•. 
,.-. 
E(x) = 
n IL. 
-
'rhe expected value or x is t"ll.et1 equal to th·e tr::ue 
n 
value- of the parameter µ. -we have proved that xn :ts 
' g:n. -tm.b:i·as~ed estimator·· of the' :Popul:atio-n :mean., 
< -
In constructing an estimator it is obviously Of 
... 
> . 
not a very crucial requirement~ Fo~ if the difference 
. -:,· . "' 
. ·, 
. _ _ ... between the. expected value. of the estimator and the true 
' . 
value of the parameter is comparatively small relative to 
the standard deviation, the. estimator may _still be 'quite 
sat.isfactor_y. 
1 f"o" 1 ,· t ~ r, 1 ,, 1 l ;\.. 
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1~2 · CONSISTENCY 
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let tn, b·a.setl on a random sample of size n, be, a statistic 
" 
associated with this parameter. According to R. A. Fishe~ 
I· the statistic tn is said to be a consistent estimator of 
~ .......... ,t·· -·· ·-- - ---C·"«:-,., .. _ .. _ ·-· -• ..... c.8 .. if , .. .fo;r.,,,_.anyF poai~.ti.v:e-,, . .n.umbe.r-S ... a ..... ~d-.ll-~·-· -~we.var ... small·,,-"·····;···---·-----,---~-.. ~--~,,~,~-~--~~---~-~-,,-··--·;;;---··-· j • 
-:: 
. . ,r. . 
. .. -···.: , •. ~-----····.····thElre··e:x:istJi··s~ro;·-pos.it:iVe·---i~te·g~-~-N~-s~-Chc.t.hil;.the··proo·a~·=·= .. ~~ w·····:· 
f··- .......... ,,,., :~/., ,-. ,- ..... - .... -.. ',,.-,,- -.,- ·····---c--c --,--·····,. 
1 bility of 
(1) ---It -el>e 
..... n. 
f:s :.less than T) for all n > N. 
) 
To put in the notation of probability, we have 
I 
. ' ..... ' .... ·- ... ' ''. '"" ·---···•"-··-··-·" ··-·f 2·}= ·= . = ·····"' .. :Pl-{-+ t;;_ ··-~,t->" i:)" t··<--rr ,. ' .. , ...... :··-·· .... ··-n·?·!f ··--·-· ..• . . ,,, ,,,., -·' '" ' .... ,. ..... ,, ..... ; .. ·=· ,, ' .. ,., ····="--:~·. -~·······~ '·:·-. 
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This definition implies that given any fixed small quanti-
... 
ty e·, we can ·--take a sample large ·enough. such that for 
all larger samples, the probability that t differs f:rom· 
n 
the true ·value of 9 by more thap. e. is as near zero as 
we. desire· •. This is equivalent to ·saying that the proba-
bilitY. converges to· zero as. n approaches infinity. Hence 
we may put it in the following form: 
--.--------.....:.._-----+i'tf'IZ!,,.,.. ~---,;,;_....;..;;.....,....;..._,..;_.· .-.;.;.;..;-· -' -.---~-
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~ 
A ra-n<iom vari_ab_l~ ~ which is defined. fqr .P .. = 1,2, 
i·si said to converge stochastically to a value A if 
-·· ·-·· ·- - . ~ 
. />r{l~-AI > eJ-o 
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. ':J:'h~s _ ~y d.efinivtion _ ~f 'Stochastic Convergence, .. tn con-
W~_ m~:y .. _ c oncl=u=d=e===~======-=== 
that an estimator is said to be a consistent estimator 
of 9, if it converges stochastically to 9 as nap~ 
preaches infinity •. 
. 
. 
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closely concentrated about the t~ue value of the para-
---------- - ------- - -- ---·-·-
- ·-· .... ·--~----·--met-er as·-n-approa.che'll-ltiTiitity. ~s:·-an·--illus_t_ration, we 
•,: • t:. ' 
have the following example. 
meter 9 in 
_. 1 
f - e 
~2rr 
_ (x-9 )2 
a 
'· 
... 
C-ons,l-de.r· ~. :population which. is normally distributed and 
has ·_prt>_:b·abi.lity density function: 
. . 2 
~; 1 · - (x-9) f = e 2 
~2rr 
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Therefore, -·the- probabili.t ..y- d,ensi ty func.tion of' .·t:h.e :q'i.s-_,_ 
tribution of x• ~, or,: :th.e l~keliho_od functio~, c~tn. b.e ,_ 
factored into two parts: one dependin.g on -~ and 9, "b1it 
the other is independent of 9. Henc,, by definition,. 
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-a.b:I_e properties of a good estimator. We now proceed to 
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he first introduced and expounded the_principle of maxi-
mum· l.ikelihood estimation. Before the publication of t.his 
article, the f·ami:l.i.~r n;i_e·t;tto·d .for estimating parameters 
was the method of moments·:., which wil-1 not :b.e di~cussed 
. _, -· -~.:;;,;.;- -· 
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. _ here. In Fisher's_ Secohd paper, "Theory of Sta tistica-1 _ ~ 
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likelihoo.d estimators are g';3nera:lly superior to those 
·obtained by·the-·older niet·hod •. ~- Her'.-~lso showed :irt .. _.this 
article that maximum :1ttkelih·ood es.ti_rr1a..t·or.s:: co.uld not be 
essentially improv·e·q:~. 'J;hus Fisher vij;1t~a.ll_y solved the 
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whole proble~ of poin.t estimation in t-h.ese· :two remarkabl~ 
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estimation, it is ·imp·ortant to reexamine the properties 
of likelj.ho·od. f.unct·lons introduced previously. In gen-
e·ral let us:'. :c.o.ns-icie·r a joint probability density func-
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chance, variables and e1 , ••• ek are parameters wi.th :fixed 
I • 
But, we !}OW change our· point of view but unknown values. 
and consider that· we have a fixed sample x1 , ••• xn and the 
joint prob·abili ty density function is a funct~on of the' 
f, 
parameters only. Under this· new approach, we rename the 
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Give-n ... a ldke--li4ood fun.-otlo~, ·· L:fx1, ~,; .~; e1 , ••• Sk} 
:for· either the· d:i/sc·rete- ·or tlle _ conti-nuou:s case, we may 
:be· able to fir1d, a set -of functions 
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such tha:t:: the .values A A 
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:ca·se, we. :o·a:11 the functions 91 , •••• 9k a ·set of maximum 
likelihoq.d. -estimators of the parameters e1 , •••• ek. 
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·The principle of maximum 11k111ho.od then. states that .if 
there exists a. set of statis·tic~ 
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The maximum likelihood estimator is the most 
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